Stat 455 Lecture 1: Introduction and Normal theory (08-28-2007)

1 Motivations

Previously, we applied linear models (LM) (regression, ANO(CO)VA ...) and generalized linear models (GLM) to
estimate fixed effects (regression parameters) and report the results. Previous model diagnostics and model checking
methods may give you some rough hints on the accountability of these models. However, these tools may fail to
fail the fixed effects models when they are insufficient. Sometimes we need to improve the fixed effects (G)LMs by
incorporating random effects. This work is more difficult since random effects are unobservable, and is important

since they describe the realistic error structures, i.e., true story in the real-life.

2 Linear Model

2.1 Least Squares (LS) Estimation
We assume
1) The nature follows some certain rules

2) Uncertainty gives us the characteristics of statistical models.

A classic linear model with data points: y;,2;1,%:.2,. . ., %ip—1, 1 = 1,2,...,n. We may assume
Vi = Po+Briwin -+ Bp1mip1 t e, (i =1,2,...,n). (1)
(7 I @1 o0 Zip Bo €1
= + (2)
Yn 1 Tn,a -+ Tpp-1 ﬂp—l €n

or, Y = X3+ e. Where error es are independent with mean 0 and variance o2.

Remark

1) Although es are errors, we prefer not to name them “random effects” here and reserve this term to later chapters.
We may do regression analysis by least squares estimation (projection onto X space) without distributional

assumption on es. i.e.,

B=(X'X)"'X'Y (3)

2)) We do not incorporate variance of es for estimating 3 since the correlation matrix is identity (trivial).



3) More complicated error structure will demand more realistic solutions (later). i.e., if the correlation matrix for

errors is not I, we may try iterative algorithms (loops between estimating § given V and estimating V given

B)

2.2 Estimation with Constrained Model

For example, we know three inner angles of a triangle has constraint: Z?:l 0G; = 180°. We have linear model (get

independent measurements at three triangle vertex):
y1i =01 +ew, (i=1,...,m);
Yoi = P2+ ei, (1 =1,...,n2);
Ysi = B3 ez, (i=1,...,n2);

for which we must follow model constraint for parameter estimation. For linear model: y = X3 + e, where

e ~ N(0,02I), we estimate parameter 3 under constraint: G = g. We have

o f=p—(XTX)'GT[G(XTX) 'GT|"HGB - g)

o 6% =—(y— XB)T(y — XB), where r=rank of I — (XTX)'GT[G(XTX)"'GT]"'G

Example

The constraint is:
1) pri=Bo=---=Fp=0
2) pitp2=0
3)
is corresponding to
1) constraint: I8 =0, then § = — (XTX) " (XTX)"]~13=0
2) constraint: (1,—1,0,...,0)3=0, then
f=p-(XTX)"Y(1,-1,0,...,0)7[(1,—1,0,...,0)(XTX)~(1,-1,0,...,0)7]~1((1,-1,0,...,0)3)=0

& You may need plug in specific G and g values for problem solving.



2.3 General Linear Hypothesis Test with Unconstrained Model
Based on likelihood ratio test,

o We test hypothesis Hy: HB = h v.s. H,: HB # h.

o The H is a matrix of vXp, and v is the full rank of H.

o We calculate: Ny = (H3 — h)T[H(XTX) Y HT|"(H{ — h).

NH/’U

¢ The test statistic: F' = 0B/ (N=p)

F(v, N — p) under Hy, where p is rank of full model, N is the number of

observations.
o 3 comes from full model estimation: § = (X7X) 1 XTy
° Q) =(y—XB)"(y—XP)
& You may need to write down the specific hypothesis in terms of H.

Example

Consider the cell means model
Yij :Mi+eijai: 17"'apaj: 1)"'7”

Test: Ho: py1 = ptg = -+ = [ip.

Solution

(yn | 10 o 0]

y12 1 0 0

Yin 10 - 0

Yor 01 - 0

- 01 - o™
M2

= (4)

Hp

Yp1 00 --- 1

Ypo 00 --- 1

_ypn_ _O 0 1_




The null hypothesis is Hy: HB = 0.
Where, H could be

1 -1 0 0
1 0 -1 0

()
1 0 0 -1

with size (p-1) by (p). h =0.

3 Results from Normal Theory

3.1 Distribution-free Results

If y has mean p and covariance X, then
o Var(By)=BYXBT, Cov(By, Bay)=B1XBY

o E(tr(y" Ay))=E(tr(Ayy™))=tr(AV)+u" Ap

3.2 Univariate Normal Distribution

¥i, i = 1,..., N be a random sample from a normal distribution with mean p and variance o2?. The estimates of

these parameters are
© sample mean: y§ = % vazl Yi = %JTjj, this is a linear form of y.

o sample variance: s = Zfil(yl - 9% = 59"(I — %U)g, where U is N by N matrix of ones. This is a

quadratic form of y.

3.3 Multivariate Normal Distribution

For y; (i =1,...,n), a random sample from a normal distribution with mean p and variance o2, we may take it as

a N-dimensional multivariate normal random variable with mean (i,u,. .., ) and variance matrix o21,,.



3.3.1 Conditional Distribution

© Suppose

follows multivariate normal distribution with

then

Va2

(y2ly1) ~ Nz + Var Vi (g1 — ), Vaz — Va1 Vi7" Vi)

3.3.2 Linear Form
o Ify~N(p, V), and x = By + b, then X ~ N(Bu+ b, BVBT).

¢ What is the distribution of g7

3.3.3 Quadratic Form
o yT A1y and yT Aoy are independent <= A,V Ay =0

o yT Ay and By are independent <= BV A =0

& How to show that, sample average and sample variance are independent?

o If y ~ N(u,V) and ¢ = yT Ay, then ¢ ~ x2(r,)\), with r =
idempotent. i.e., AVAV = AV.

& Given special A, say A =V ~!, how to get the x? distribution?

4 Skew Normal Distribution

r(A) and A = 1uT Ay, if and only if AV is

Normal distribution is symmetric and widely used. However, sometimes there is a presence of high skewness (say

salary distribution with some very rich people). Dey and Liu (2005) decomposed skewed elliptical distribution

(normal is a special case) into an original symmetric component and accumulated linearly constrained (skewed)

portion. A simple skew normal random variable v (Sahu, Dey and Branco, 2003) can be represented by

w=0Z+v,Z~N"0,0%) and

v~ N(0,02)



with NT indicates the folded (positive part) normal distribution. The likelihood function for u is

2 U dozu
m(u|d) = o . 8
(ulo) \/03+520%¢(\/03+620%) (0,,\/0,%4—520%) ®)

Remark
1) It is unimodal (Azzalini, 1985).
2) What if § = 07

3) Closed-form density carries over to general multivariate elliptical distributions including Students’-t and others,

and correl:
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Figure 1: Folded normal density
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